Abstract. A description of the effects of the local noise on the quantum entanglement constraining the internal degrees of freedom of Dirac bi-spinor structures driven by arbitrary Poincaré invariant potentials is proposed. Given that the Dirac equation dynamics including external potentials can be simulated by a suitable four level trapped ion setup, quantum entanglement of two-qubit ionic states with quantum numbers related to the total angular momentum and to its projection onto the direction of the external magnetic field (used for lift the ions degeneracy), are recovered by means of a suitable ansatz. This formalism allows the inclusion of noise effects, which leads to disentanglement in the four level trapped ion quantum system. Our results indicate the role of interactions in bi-spinor entanglement, as well as the description of disentanglement in ionic states under local noises. For a state prepared initially in one of the ionic levels, local noise induces entanglement sudden death followed by sudden revivals driven by the noiseless dynamics of the state. Residual quantum correlations are observed in the intervals where such state is separable. Schrödinger cat and Werner states partially loose their initial entanglement content due to the interaction with the noisy environment but presenting entanglement oscillations without sudden death. Because Dirac equation describes low energy excitations of mono layer and bi-layer graphene, the formalism can also be applied to compute, for instance, electron-hole or electron/electron entanglement in various circumstances.
Introduction
Quantum correlations has been in the core of recent developments exploring the interface between quantum and classical physics [1, 2, 3, 4] . Quantum entanglement and other quantum correlations are widely considered for the engineering of quantum information protocols, in particular for quantum cryptography [5, 6] and quantum computing processes [7] . The nonlocal coherence generated by entanglement is essential to various applications of such quantum information/computing tasks in physical systems [7] .
One platform suitable for implementing and characterizing quantum correlations is the iontrap technology [8, 9] , which has provided a phenomenological access to generate and manipulate quantum correlational properties of the trapped ions [10, 11, 12, 13] . Moreover, the trapped ion setup has also been engendered for simulation protocols, such as for simulating open quantum systems and quantum phase transitions [14, 15, 16] . Simulating Dirac equation structures is another example of a quantum system engendered by trapped ion dynamics. Under suitable conditions, the ionic (anti)Jaynes-Cummings ((A)JC) Hamiltonian dynamics can be mapped onto the structure of the Dirac equation, reproducing a series of relativistic-like quantum effects [17, 18, 19] . On the other hand, the two-qubit intrinsic entanglement present on the SU (2)⊗SU (2) bi-spinor structure of Dirac equation solutions is also encoded in the ionic system simulating the Dirac dynamics by quantum numbers related to the total angular momentum and to its projection onto the direction of the external magnetic field (which is applied for lift the degeneracy of the ions internal levels) [13, 20, 21] .
A quantum system not isolated has its correlational properties affected by the coupling with its environment. Fluctuations of the external magnetic field acts as an environment, causing entanglement degradation and a consequent decoherence [22, 23, 24] . To include such environment effects on the trapped ion two-qubit structure considered in [13] , as well as to elucidate how the local decoherece is related to local and non-local disentanglement, a noise model for the environment can be adopted to describe more realistic setups [25] .
This letter is concerned with the effects of a local noise model, where each subsystem is individually affected by the environment, in the informational content of internal states of a four level trapped ion. The local noise is included via Kraus operators and the dynamics of an arbitrary ionic state is recovered through the connection between the (A)JC dynamics and the Dirac equation structure. Once the Dirac-like spinor density matrix is constructed, the quantum entanglement can be quantified through negativity [26, 27] . Due to the coupling with the environment, an initial pure state evolves into a separable mixed state, which can display quantum correlations other than entanglement. In particular, the geometric discord [28] shall be adopted as a measure of such quantum correlations. For quantum states constrained to a specific ionic level, sudden deaths and quantum revivals can be quantified by the intrinsic entanglement. Moreover, those states exhibit residual nonclassical correlations for intervals were the state is separable. On the other hand, when the maximally entangled (Werner and Schrödinger cat) quantum states -prepared as superposition of such internal levels -are considered, coupling to environment causes a partial loss of their initially entangled properties, but no entanglement sudden death is present. In the three states considered, entanglement oscillations, caused by their noiseless dynamics, are observed.
Trapped ion framework
The trapped ion framework can be formulated by a HamiltonianĤ RJC which, in the rotating wave approximation [29] , includes three interactions, the (anti) Jaynes-Cummings and the carrier interactions. The (A)JC interactions are given by the Hamiltonian
with j = x, y, z, where the phases φ r (b) describe red(blue)-sideband excitations,Ω j are the Rabi frequencies,σ + (−) are the internal level raising(lowering) operators, δ j is an emergent detuning frequency between the external field and the two-level system, and η j = k /2mν j is the Lamb-Dicke parameter (wherem is the ion mass and k is the wave number of the external field). The JC interaction corresponds to a de-excitation of the internal level accompanied by an excitation of the vibrational degree of freedom, while the AJC interaction accomplished an excitation of the internal level with an excitation of the vibrational degree of freedom. The carrier interaction is given byĤ
which excites the internal levels without changing the vibrational state of the ion. From the experimental perspective, the above described dynamics is observed, for example, in the hyperfine levels (2s 2 S 1/2 ) of alkali ions. From now on, we consider a trapped ion with four internal levels labeled {|a , |b , |c , |d }. The combination of JC, AJC and carrier interactions acting on such system can be mapped into a Dirac Hamiltonian including tensor and pseudotensor external fields [17, 18, 30, 10, 11] ,
from which one firstly notices that the Dirac mass and kinetic term readŝ
such that, for example,σ ad z +σ bc z ≡β, where the upper indices denote the involved internal levels [30, 10, 11, 13] . The momenta p j are given by
, where ∆ j = /2mν j is the delocalization width of the ground state wave function.
The tensor and pseudotensor external potentials are mapped in terms of the carrier interactions (2) with frequencies Ω
(1)
The Dirac dynamics driven by (3) is reproduced in the trapped ion setup through the maps (4), (5) and (6) and the relations between Dirac and ionic parameters are identified as
which set a one-to-one correspondence between (3) and the sum of the interactions (4), (5) and (6) . Accordingly, the bi-spinor eigenstates of (3) |ψ n,s (with n, s = 0, 1), are described as linear combinations of the internal ionic levels,
Each of the ionic state |i is characterized by two quantum number: the total angular momentum F , and the projection M of the angular momentum onto an external magnetic field used for lift the degeneracy of the internal ionic levels. Such structure allows the assignment of a two-qubit correspondence given by
According to the analysis of the classes of Poincaré invariant Dirac-like interactions [20, 13] the Hamiltonian eigenstates |ψ n,s indeed exhibit a naturally spin-parity entangled structure [31] which can be straightforwardly computed from stationary pure states, n,s = |ψ n,s ψ n,s |, given by [20] n,s = 1 4
where the parameter g 2 is evaluated as
and λ n,s is identified as the mean energy of n,s , λ n,s = Tr[Ĥ D n,s ]. Considering a Dirac-like one-dimensional propagation along the x axis, with the electric field lying in the xy-plane, such that E = E( cos θ i + sin θ j ), with p = p i, where i, j, k define an orthonormal basis, one has p × E = p E sin θ k. The arbitrary choice of θ does not qualitatively affect the results, thus, one shall adopt θ = π/4, such that the corresponding expressions for g 2 and λ n,s read
To recover the dynamics of an internal ionic state, the Dirac bi-spinor basis, {| ψ n,s }, shall be related to the ionic state basis, {| i }. The temporal evolution of a single internal level is thus reconstructed by using the completeness relation 1 n,s=0 n,s =Î as to have (for |j(t = 0) ≡ |j )
A typical four level quantum oscillation pattern is present in this time evolution. For instance, a state initially in |j evolves into a generic superposition, with conversion probability to a particular ionic level |k = |j obtained through (12) [13] . The assignment (9) suggests the identification of two subsystems -S F , related to the total angular momentum quantum number F , and S M associated to the projection of the angular momentum onto the direction of the projection M of the external magnetic field. In this framework, a state initially prepared in the internal state |j will evolve to a superposition between the four internal states and shall exhibit quantum entanglement (and possibly other quantum correlations in the case of mixed states) between the two subsystems S F and S M .
To describe more realistic setups, one is inclined to consider environment effects on the trapped ion dynamics. The inclusion of such open systems effects can be accomplished by an effective HamiltonianĤ Env describing environment coupling as to have a total Hamiltonian given byĤ =Ĥ
In particular, the influence of an environment is included through the influence of two local noises, generated by random fluctuations acting separately on each qubit which is given by the Hamiltonian [25] :
In this model, separate fluctuations act on the corresponding subsystem and the fields b i (t) are characterized by Markovian conditions
were . . . represent the ensemble average and Γ i are the phase relaxations due to the local interactions. This setup was previously considered for study phonon decoherence [32] , for protocols to measure magnetic field gradient [33] in the trapped ion framework, and for investigating the influence of noise on transport properties in chains of trapped ions [34] . Here it is supposed that the fluctuations on the degeneracy lifting magnetic field affect each degree of freedom individually. Other often considered noise model is the global noise [25] in which the random fluctuations act equally on both qubits. The influence of such environment will be investigated in a future issue.
Dynamics and Results
The temporal evolution driven by the total HamiltonianĤ (13), can be recovered by decoupling it into two pieces through the interaction picture:
with ρ(0) being the initial state andρ(t) describing the time-evolved density matrix in the interaction picture, which is a solution of the corresponding master equation given in terms of the Kraus representation [7, 35, 36] . The inclusion of noise effects through Kraus representation is thus implemented by taking the statistical mean of Eq. (16) [25] . The behavior ofρ(t) under the influence of the local noise described by the Hamiltonian (14) is then expressed in a compact way asρ
where the Kraus operators describing the local interaction (14) are given by:
with γ i = e −Γ i t/2 and ω i = √ 1 − e −Γ i t . For simplicity we adopted equal phase relaxations on both subsystems, i.e. Γ 1 = Γ 2 = Γ.
After the above described procedure, to recover Schrödinger picture density matrix one uses the completeness relation for the eigenstates { n,s } as to have
from which any observable can be evaluated for any given initial state ρ(0). From now on, the disentangling properties of ionic states under local noise effects can be investigated. In particular we shall consider the evolution of the internal ionic state |a(0) = |a , and the evolution of the Schrödinger cat state ρ C (0) = |ψ C ψ C | and of the Werner state ρ W (0) = |ψ W ψ W |, which are written in terms of internal ionic states as |ψ C = |a +|d √ 2 and
. The time evolutions of these states are recovered by Eq. (19) from which all correlational properties can be computed. Accordingly to the Peres criterion, any separable state must have all eigenvalues of its partial transpose density matrix positive [26] . The negativity of a state is thus defined by [27] 
where || T 1 || = i |µ i | stands for the trace norm of the partial transposed matrix T 1 , whose eigenvalues are {µ i }. Roughly speaking, negativity measures the extent to which the partial transpose fails to be positive. Figure 1 . Entanglement (left plot) and quantum correlations (right plot) of the state |a(t) as function of p t for κ = µ = 1, E/p = 1, Γ/p = 1/2 and for m/p = 0 (solid curves), 1 (dashed curves), 10 (dot-dashed curves). The influence of the local noise causes entanglement sudden death, followed by sudden revivals and quantum oscillations generated by the noiseless evolution of the state. Moreover, in the periods where the mixed state is separable, only residual quantum correlations are present, as depicted in the right plot.
Separable mixed states can exhibit quantum correlations other than entanglement [37] , and the characterization of such quantum correlations is still an open problem. The quantum discord, defined as the difference between total correlations among two subsystems before and after the action of perfect local measurements in one of them, is a quantifier for nonclassical correlations [38] . The evaluation of quantum discord requires an extremization procedure over all possible sets of local measurements in one of the subsystems, being a NP-hard problem with no analytical solution or even efficient algorithm (unless P = N P ) [39] . To avoid such computational issue, we shall adopt the geometric discord D[ ], as a measure for quantum correlations [40] . Such quantity is defined as the minimum distance between the state ρ and the set of states with zero quantum discord. Given the Fano decomposition of a state
geometric discord associated with the i subsystem of the state is analytically computed as [28]
where T 2 = T r[T T T ], T being the matrix composed by the t ij coefficients, and k max is the largest eigenvalue of a 1(2) a T 1(2) + T T T . It was proved that D[ ] = 0 is a necessary and sufficient condition for vanishing quantum discord [28] , and that the geometric discord and negativity satisfy the inequality (
The correlational properties of the state ρ A (t) = |a(t) a(t)| are depicted in Fig. 1 which shows the negativity (left plot) and the geometric discord (right plot) as function of p t for κ = µ = 1, E/p = 1, Γ/p = 1/2 and for m/p = 0 (solid curves), 1 (dashed curves), 10 (dot-dashed curves). The noiseless evolution drives the state to a superposition among all the internal states for t > 0, generating intrinsic entanglement. Nevertheless the influence of the local noise suddenly makes the entanglement vanish in an effect known as entanglement sudden death [42] , which is followed by sudden revivals in a oscillation pattern without definite frequency. In the intervals where the state is separable, only residual quantum correlations persists, as depicted in the left plot of Fig. 1 and, similar to the negativity, geometric discord oscillates without a definite frequency. Moreover, large values of m/p corresponds to a stronger influence of the environment on the correlations. Under local noise, both Werner and Schrödinger cat states suffer decoherence, as depicted in Fig. 2 . Entanglement is partially dissipated, nevertheless, different from the previous case, no entanglement sudden death is observed and negativity oscillates without a definite periodicity. Even for t 1/Γ, the states exhibit entanglement. Intermediate values of m/p characterize a stronger influence of the local noise on the entangling properties of such states, as depicted in the blue curves of Fig. 2 , which correspond to m/p = 10. The Werner and Schrödinger cat states are, qualitatively, equally affected by the local noise, and both are pure states for t 1/Γ.
Conclusions
The issue investigated throughout this letter is concerned with the inclusion of local noise effects, described by stochastic fields acting on four ionic levels, in the context of a Dirac-like dynamics simulated by the trapped ion systems. The entanglement properties were quantified in terms of negativity and the quantum correlations were quantified by means of the geometric discord, where the noiseless dynamics of ionic states was recovered through the correspondence between JC, AJC and carrier interactions through the inclusion of tensor and pseudotensor Dirac structures into the simulated Hamiltonian. The noise was introduced by means of the Kraus representation formalism, such that quantum correlations of states prepared as internal levels of the trapped ion were then investigated. The quantum correlational properties exhibited by a state initially on a single level, and by Werner and Schrödinger cat states formed by superpositions between two internal ionic levels were finally obtained. Under local noise, for Werner and Schrödinger cat states, the entanglement is partially lost, but entanglement oscillations are still present due to the pureness of both states for t 1/Γ. The mass parameter on the Dirac Hamiltonian actively suppresses the entanglement content of the states. For a state initially in the internal level a, entanglement shows sudden deaths and sudden revivals, which are driven by the coupled dynamics with the environment. For such state, the noise also suppress quantum correlations other than entanglement, and in the intervals where the state is separable it exhibits residual quantum correlations.
One concludes by noticing that such trapped ion platforms can work to implement more complex quantum simulations [43] where, from the beginning, the only observable that can be measured (through fluorescence techniques) still isσ z , related to issues that deserve some further investigations.
